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Abstract
Models of Co-Decaying dark matter lead to an early matter dominated epoch – prior to BBN –
which results in an enhancement of the growth of dark matter substructure. If these primordial
structures collapse further they can form primordial black holes providing an additional dark
matter candidate. We derive the mass fraction in these black holes (which is not monochromatic)
and consider observational constraints on how much of the dark matter could be comprised in
these relics. We find that in many cases they can be a significant fraction of the dark matter.
Interestingly, the masses of these black holes can be near the solar-mass range providing a new
mechanism for producing black holes like those recently detected by LIGO.
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I. INTRODUCTION
Conventional ideas for the cosmic origin and microscopic nature of dark matter (DM)
are in growing tension with observations [1]. A simple and elegant DM candidate is the
thermally produced weakly interacting massive particle (WIMP). However, after years of
searches utilizing direct and indirect detection techniques, and colliders, there is still no
sign of the WIMP. Moreover, little is known about the evolution of the universe prior to
Big Bang Nucleosynthesis (BBN). Thermal production of dark matter requires the early
universe to be radiation dominated and that the DM is in thermal equilibrium with the
Standard Model (SM) – but this need not be the case. Indeed, fundamental theories
and top-down approaches to inflationary model building suggest that other histories are
possible (and often more likely) with one example being an early matter dominated epoch
(EMDE) prior to BBN [2]. In addition, the requirement to achieve successful inflation
implies that the inflaton must couple very weakly to other sectors. In many cases, this
implies that the SM and any hidden sectors would be gravitationally coupled at best.
This suggests that hidden sectors may decouple very early from the SM and we need not
expect them to be at the same temperature (see however [3]). Establishing the expected
temperature of hidden sectors is very important for restricting model building as future
experiments, such as CMB-S4, will significantly improve constraints on Neff , and such
constraints rely on a knowledge of the hidden sector temperature as compared with the
SM [4].
Co-Decaying DM (Co-Decay) is one possible alternative to the standard WIMP
paradigm. As we review below, Co-Decay [5–7] (and also ‘cannibalistic’ DM [8, 9])
posits that DM decoupled in the very early universe from the SM while relativistic. The
dark sector then evolves to become non-relativistic and has a temperature differing from
the SM. Another interesting property is that, upon becoming non-relativistic, the dark
sector particles can dominate the energy density, leading to an EMDE until one (or more)
of the particles decay to the SM ensuring a radiation dominated universe prior to BBN.
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As shown in [6], this EMDE can lead to enhanced DM substructure due to rapid density
perturbation growth [10–12]. The question we ask in this paper is: can these structures
further collapse to form primordial black holes (PBHs), and could PBHs be a significant
fraction of the DM?
PBHs, and whether they could be all or part of the DM, have recently received renewed
interest both in model building [13–29], and for their observational implications [30–41].
In [13, 14], we considered whether PBHs could form in the presence of string moduli that
lead to an EMDE, and whether they could be a significant component of the DM. An
important difference of PBH formation in these models is that, unlike many approaches
to PBH formation that predict a monochromatic spectrum, the extended EMDE leads
to continual production of PBHs over a range of masses. For the EMDE of [14], CMB
constraints on the lightest PBHs then forced the total abundance of PBH DM to be
negligible.
In this paper, we consider PBH formation in the Co-Decay scenario, where the duration
of the EMDE is expected to be much shorter lived than that of [14]. This will weaken some
of the constraints on the PBH formation process leading to the possibility of PBHs making
up a significant fraction of the DM. The rest of the paper is as follows. In the next section,
we review Co-Decay focusing on the aspects relevant for PBH and DM production. In
Section III, we provide a somewhat detailed discussion of PBH production in an EMDE
closely following the early work of [42–47]. In Section IV, we present our main results
giving the extended mass function of PBHs from Co-Decay and placing constraints on
their DM abundance using observations. We provide our conclusions in the final section.
II. CO-DECAYING DARK MATTER
Co-Decaying Dark Matter [5, 6] posits the existence of a dark sector with at least two
particles that decoupled from the SM in the very early universe. In the simplest model
with only two particles, one is stable – providing a possible dark matter candidate –
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FIG. 1. Timeline for Co-Decaying dark matter. Hidden sector particles decouple very early from
the SM and while relativistic. Hidden sector interactions then keep the dark abundances near
equilibrium at a temperature that is typically different than the SM. In the simplest models, one
particle decays to the SM, while the other is stable providing a dark matter candidate.
whereas the second can decay to the SM. For simplicity we can take these dark sector
particles to be nearly mass degenerate and we label them A (which plays the role of DM)
and B (which decays to the SM), and denote their mass as m.
At some early point in the cosmological evolution, the dark sector and SM fall out
of equilibrium with each other. Until the B particle decays with rate ΓB, there will
be negligible entropy transfer between the dark sector and SM. Therefore, each sector’s
entropy is approximately conserved until that point. It will be useful below to consider
the ratio of the entropy densities of the dark sector and SM at decoupling,
ξ ≡ sDS
sSM
∼ O(10−1). (1)
After decoupling, AA ↔ BB interactions1 (with threshold s-wave annihilation rate de-
noted σ) maintain equilibrium between the A and B number density. When the temper-
ature of the dark sector becomes order of the mass of the dark sector particles TDS ∼ m,
1 [5] also considered the possibility of number changing processes between the A and B particles. While
this does affect the relic abundance for the DM, it does not affect the duration of the matter domination
and this duration is the main relevant quantity for the consideration of PBH formation, as we will see
below. For this reason, we neglect the effect of ‘cannibalism’ for the rest of the paper.
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FIG. 2. The relic abundance of the A particles in the Co-Decay scenario as a function of
χ ≡ m2A/ΓB for a variety of threshold cross-sections. The vertical, dotted, black line indicates
the value of χ for which Ndur = 0 (there is no EMDE). The horizontal dashed black line indicates
the point at which the A particles can fully account for the observed present-day dark matter
abundance.
they become non-relativistic and scale cosmologically as a pressure-less gas (p = 0). In
many cases the dark sector particles have an initial abundance that after becoming non-
relativistic will naturally lead to an EMDE prior to BBN [6]. Once the dark sector
particles become non-relativistic TDS < m we have
ρDS = msDS = mξsSM = mξ
ρSM
TSM
, (2)
which implies that dark sector-SM equality corresponds to TSM = Teq = ξm. If an EMDE
begins, it will last until the time at which the B particles begin decaying to the SM,
H−1 > Γ−1B . The duration of the EMDE is conveniently expressed in terms of e-folds,
N = log a. Assuming instantaneous decay, the duration is given by
Ndur = log aΓ − log aMD = 1
3
log
(
sSM,MD
sSM,Γ
)
, (3)
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where MD denotes the onset of the EMDE, and the final equality follows from conservation
of co-moving entropy2. At the end of the EMDE, we have that H ∼ ΓB and we find the
number of e-folds
sSM,Γ '
Γ2Bm
2
p
mξ
, sSM,MD ' (mξ)3 ⇒ Ndur ' 2
3
log
(
m2Aξ
2
mpΓB
)
, (4)
where we also used sSM ∼ T 3. For reasonable choices of parameters, the EMDE will lead
to 0 ≤ Ndur ≤ 20 [6].
Due to the dark sector interactions, the A particle number density will also decrease
with the decaying particle’s number density until dark sector interactions become negli-
gible, which follows from their velocity-averaged cross-section. To obtain the present day
relic density, one must calculate the number density of the A particles at this freeze-out
point H ≈ nA〈σv〉, and then evolve it forward to the current time. The relic abundance
predicted by Co-Decay is then [5]
fA ≡ ΩA
ΩDM
=
(
1 pb
σ
)( mA
1 GeV
)2(10−18 GeV
ΓB
)
. (5)
Co-Decay abundance can match the observed DM relic abundance for a large portion of
parameter space and is plotted in Fig. 2.
We have seen that Co-Decay can induce an EMDE. In a matter dominated universe,
perturbations grow linearly with the scale factor, and the same result was shown to hold
in the Co-Decay context [6]. In that paper, it was found that sub-structures could grow
during the EMDE. Given that the dark matter decoupled from the SM far before the
EMDE, this can lead to very concentrated substructures that may survive until today
and lead to boosted signals for indirect detection experiments. Instead, here we want
to see whether non-linear growth of these structures can lead to the formation of PBHs.
In the next section, we review the formation of PBHs in a matter epoch, and then we
2 In practice, entropy production will occur continuously throughout the EMDE as discussed in [6],
however using the instantaneous approximation here will not change our main conclusions.
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estimate the size and amount of PBHs we expect to form.
III. PBH FORMATION IN AN EARLY MATTER PHASE
The density contrast on sub-Hubble scales grows as the scale factor δ ≡ δρ/ρ ∼ a(t)
during the EMDE driven by Co-Decay [6]. Once these fluctuations grow to δ ∼ O(1)
linear perturbation theory fails and one must turn to other methods. In this paper, we
will use the Zel’dovich Approximation [43, 44] to estimate the abundance of PBHs. This
method has been used by a number of authors to estimate PBH production in an EMDE
[42–47] – and more recently in [13, 14, 48–50]. The approximation has been shown to be
in good agreement with full N-body simulations until the time of shell-crossing (caustic
formation) [51] and we leave a full N-body simulation to future work. The majority of this
section can be understood by piecing together various parts of the references mentioned
above, but here we want to present a self-contained, but brief review, and establish our
notation for the next section.
A. The Zel’dovich Approximation
The Zel’dovich Approximation makes investigating the non-linear regime of density
perturbations feasible by doing perturbation theory in the distance a particle moves from
its initial value as opposed to requiring δ  1. Given that the perturbations have their
initial values set by inflation, we expect the particles to be nearly homogeneous and
isotropic (also in good agreement with observations). Then, as the perturbations enter
the Hubble radius and eventually the non-linear regime, one can estimate the probability
of PBH formation by establishing whether the collapse preserves enough sphericity to
collapse to a PBH. To make this quantitative, we can write the physical location of the
particles separated into their background value and the separation resulting from evolution
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of the perturbations,
~r(t, ~q) = a(t) [~q − b(t)∇qΦ(~q)] , (6)
where a(t) is the scale factor so that ~r = a(t)~x are the physical coordinates, and the
co-moving coordinate ~x is split into its initial location ~q (Lagrangian coordinate) and the
change resulting from the perturbations – where we again emphasize we are taking the
particle separation to be small, not the density perturbation.
Initially, when a mode enters the Hubble radius we have b(tH) = 0, and then the time
dependence of the fluctuation leads to particle separation. This will evolve in the linear
regime as
b¨+ 2Hb˙ = 4piGρ b, (7)
which is the same as the equation for the linearized density perturbation in a pressure-
less universe. Therefore, we have b(t) ∼ a(t) ∼ t2/3 for the time dependent growth in the
linear regime. The other term in (6) is related to the velocity perturbation as
δ~v ≡ d~r
dt
−H~r = ad~x
dt
= −ab˙∇qΦ, (8)
implying that the velocity perturbation can be written as a gradient, i.e. the fluid is
irrotational. Using the Poisson equation (see e.g. [52]) one can then show δ(t, ~r) =
b(t)∇2qΦ(q).
We now want to consider the non-linear regime (δ ∼ O(1)). For small particle dis-
placements in (6) we can define a linear map between ~q and ~r allowing us to relate the
energy density at later times to the initial average energy density as
ρ(t, ~r) =
〈ρ(t)〉
det (D)
, (9)
where
Jij =
∂ri
∂qj
= a(t)δij − a(t)b(t) ∂
2Φ
∂qi∂qj
, (10)
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where J is the Jacobian of the coordinate transformation and the shift in particles tra-
jectories, Dij = Jij − a(t)δij, is the deformation tensor. Given the irrotational flow,
the Jacobian is symmetric and diagonalizable, and we can express (9) in terms of the
eigenvalues as
ρ(t, ~r) =
〈ρ(t)〉
(1 + b(t)α) (1 + b(t)β) (1 + b(t)γ)
, (11)
where α, β, and γ are the eigenvalues of the deformation tensor. It follows from (11) that
in the linear regime
δ(t, ~x) =
δρ
ρ¯
' − (α + β + γ) b(t), (12)
as expected. In general, negative eigenvalues correspond to a direction collapsing. If there
is more than one negative eigenvalue, the more negative one will imply the corresponding
direction collapses faster. To get PHB formation, we need the eigenvalues to be roughly
the same (symmetric, spherical collapse), and we will see that this requirement leads to a
suppression in the formation rate since it corresponds to a less likely configuration. Also,
if we consider one negative eigenvalue (say α) in (11), at the time b(tc) = −α−1 the energy
density is infinite. This is when a caustic forms (particle locations intersect), and then
(10) can not be diagonalized. We will next consider the distribution of the eigenvalues in
the deformation tensor, which will be important for addressing caustics and sufficiently
spherical collapse.
B. Probability Distribution Function of the Eigenvalues
As discussed above, the deformation tensor, Dij, is a symmetric matrix with six entries
contained in the Jacobian (10). The distribution of its entries were calculated some
time ago by Doroshkevich [45] assuming the fluctuations to be random, be Gaussian-
distributed, and have zero mean.
The multivariate Gaussian distribution function of the six independent entries can be
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written
w(ϕ1 . . . ϕ6) dϕ1...6 =
|C−1pq |
1
2 exp
[
−1
2
∑
p,q ϕpC
−1
pq ϕq
]
(2pi)3
dϕ1...6 (13)
where we have defined ϕ1,2,3 = Dii for i = 1, 2, 3 (diagonal components) and ϕ4,5,6 = Dij =
Dji for i 6= j (off-diagonal components). The covariance matrix Cpq gives the correlation
between the deformation tensor elements
Cpq ≡ 〈ϕpϕq〉 = 〈DijDkl〉 = σ
2
15
(δijδkl + δikδjl + δilδjk), (14)
where σ2 is the variance and Cpq is a 6× 6 and block-diagonal matrix:
C =
σ2
15
A 0
0 1
 , with A =

3 1 1
1 3 1
1 1 3
 . (15)
Using this expression for Cpq in (13) gives the probability distribution function (PDF) for
the values of the deformation tensor
w(Dij) d
6Dij =
675
√
5
16pi3σ6
exp[ND] d
6Dij , (16)
with
ND = − 3
σ2
[
(D211 +D
2
22 +D
2
33)−
1
2
(D11D22 +D11D33 +D22D33) +
5
2
(D212 +D
2
13 +D
2
23)
]
.
(17)
Again, recalling that the Jacobian (10) is diagonalizable, and therefore so is the defor-
mation tensor, we can diagonalize it through an SO(3) rotation D = RTλR to find the
six unknown elements in terms of the eigenvalues λ = diag(α, β, γ). The elements of the
matrix Rij are the directional cosines of the new coordinate system with respect to the
old one. The angles specifying the rotation are the Euler angles θ, ψ, ϕ (see, e.g. [53])
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and in this new coordinate system the PDF (16) becomes
w(Dij) d
6Dij = w(α, β, γ, θ, ψ, ϕ)
∣∣∣∣ ∂6Dij∂(α, β, γ, θ, ψ, ϕ)
∣∣∣∣ d6(α, β, γ, θ, ψ, ϕ) . (18)
This expression can then be simplified by using the explicit components Dij = R ki λklRlj
in (17) and one finds
ND → Nα,β,γ = −3
σ2
(
α2 + β2 + γ2 − 1
2
(βγ + αβ + αγ)
)
, (19)
does not depend on the Euler angles of the rotation, and the Jacobian to transform (16)
is ∣∣∣∣ ∂6Dij∂(α, β, γ, θ, ψ, ϕ)
∣∣∣∣ = (α− β)(α− γ)(β − γ) sin θ, (20)
which, surprisingly, only depends on one Euler angle θ.
After integration over the Euler angles the PDF becomes
pi∫
0
pi∫
0
pi∫
0
w(α, β, γ, θ, ψ, ϕ)
∣∣∣∣ ∂6fij∂(α, β, γ, θ, ψ, ϕ)
∣∣∣∣ dθ dψ dϕ d3(α, β, γ)
=
675
√
5
8piσ6
exp(Nα,β,γ)(α− β)(α− γ)(β − γ) d3(α, β, γ) .
(21)
It is important to know the range of validity of this PDF. We want it to be positive
semi-definite, so we notice that when γ becomes greater than β, our PDF changes sign
(and similarly for α and β). Therefore (without loss of generality), we impose that
−∞ ≤ α ≤ β ≤ γ ≤ ∞, so that our PDF will be properly normalized3
∞∫
−∞
dα
∞∫
α
dβ
∞∫
β
dγ
(
675
√
5
8piσ6
)
exp(Nα,β,γ)(α− β)(α− γ)(β − γ) = 1. (22)
3 We note that this PDF essentially recovers the same result of [45, 46], however our answer differs by a
factor of five in the argument of the exponential, as Doroshkevich multiplied (14) by a factor of five to
make the value of the first three diagonal components equal to the variance σ2.
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Given this PDF we can now calculate the probability for spherical collapse, βcollapse.
As discussed in Section IIIA, we need at least one negative eigenvalue for collapse to
occur, and for spherical collapse we need all eigenvalues negative and approximately equal.
We can see the PDF is suppressed relative to a pure Gaussian distribution due to the
factors (α−β)(α− γ)(β− γ) reflecting that it is rare to have perfectly spherical collapse,
and forming objects like disks (pancakes) are more likely since typically one expects the
eigenvalues to differ significantly. Recalling we have ordered the eigenvalues so that α
is the most negative (and must be negative for collapse) we have for the probability of
collapse to a PBH
βcollapse =
0∫
−∞
dα
∞∫
α
dβ
∞∫
β
dγ Θ [S(α, β, γ)]W (α, β, γ), (23)
where W is the integrand of (22), Θ is the Heaviside theta function, and S is a “shape
function”. As mentioned above, it is not enough that α < 0 for PBH formation, and the
shape function places constraints on the values of β and γ for a given α. In [47], the
authors supposed that a black hole could not form unless the matter clump was nearly
spherical. In this case, one obtains the following shape function
S =
γ + β
2α
− (1− x), (24)
where x ≡ rg/r1 is the ratio of the Schwarzschild radius to the radius of the collapsing
mass at the time it goes non-linear δ ∼ O(1). One can determine that this limits both
β and γ to be greater than α(1 − x), yet also less than α (i.e. the initial deformation is
nearly symmetric and the eigenvalues are approximately equal). When x  1 one can
replace the argument of the exponent in the PDF with −9α2/2, and this recovers the
result of4 [47], namely βcollapse = 0.02 × x5. However, other shape functions have been
4 Performing the same integral with the full exponential argument leads to a complicated polynomial in
arctan(x), but we have shown that this numeric result recovers that of [47] for x . 0.2.
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considered. In particular, the authors of [49] derived a different shape function. There,
instead of relying on a nearly spherical collapse, they made use of the “hoop conjecture”
[50, 54]. This conjecture states that a black hole will form from a distribution of mass if
and only if the maximum circumference of the distribution is less than the Schwarzschild
radius associated with its total mass. Again using the x 1 approximation, an analytic
estimate can be done and it was found βcollapse = 5.6× 10−2 x5 – we will use this value in
what follows.
C. Obtaining the Mass Fraction
To calculate the mass fraction of the universe contained within PBHs, we must con-
sider two probabilities that determine whether an over-dense region will collapse and
form a PBH. The probability for sufficient spherical collapse was found above to be
βcollapse = 5.6 × 10−2 x5. However, we also need to consider whether or not the initial
inhomogeneity is conducive to collapse (which is also equivalent to determining whether
caustics prevent PBH formation) – we will call this probability βinhom. This probability
describes the difference between the background and perturbed matter densities. Us-
ing the Lemaitre-Tolman-Bondi (LTB) model [55–57] (an exact solution of the Einstein
equations) it is possible to capture this difference. Using this one can characterize the
formation of two important objects for the black hole: 1) the singularity, and 2) the ap-
parent horizon. The universe abhors naked singularities, so black hole formation can only
occur when the apparent horizon forms before the singularity. In the LTB formalism,
we can define quantities that describe the degree of inhomogeneity for a region of space
and a characteristic size of a dark matter clump in that region when the clump becomes
non-linear in its density perturbations
u =
ρ0 − ρ1
ρ1
, x =
rg
r1
, (25)
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where ρ0 is the matter density at the center of the clump and ρ1 is the mean matter
density inside r1. It was shown in [47] that the formation of an apparent horizon precedes
the formation of a singularity only if u . x3/2. Assuming that the inhomogeneity is a
Gaussian and random variable one finds
βinhom ∼ 1
σ
∫ x3/2
0
e−(u/σ)
2
du ∼ x3/2, (26)
where it is again assumed that x 1.
This calculation has recently been refined in [48]. There it was argued that the result
of [47] slightly underestimates βinhom due to the fact that the presence of a naked singu-
larity can only reach the outside universe if a null signal propagating from the singularity
can escape past an apparent horizon. In other words, the time between singularity and
apparent horizon formation must be less than the time it takes a null vector to traverse
the distance between these objects. An analytic result can be found in the limit of small
initial perturbations
βinhom ' 3.7x3/2, x 1. (27)
Given this result, the total mass fraction in PBHs is then the product of the two
probabilities
β = βinhomβcollapse '
(
3.7x3/2
)× (5.6× 10−2 x5) ' 0.2 δ13/2m , (28)
where in the last step we have replaced x by the mass density fluctuation δm at Hubble
radius crossing – which follows from scaling arguments of the clump and perturbations
[47]. This result is about an order of magnitude larger than that used in previous PBH
studies (e.g. [13, 14]). When performing calculations within the context of a specific
model (in this paper the model will be Co-Decaying dark matter), we use this mass
fraction estimate to obtain concrete results for the mass fraction as a function of black
hole mass.
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IV. PBHS FROM CO-DECAY
A. Minimum PBH Mass
As discussed above, the EMDE begins when the energy density of the dark sector
surpasses the SM radiation, corresponding to temperatures TSM < Teq = ξm. A very
conservative estimate of the minimum PBH mass is then found by assuming that the
mass contained in the horizon volume at this time collapses to form a PBH [13]. As
discussed above, lacking special features in the primordial power spectrum, prior to this
time radiation pressure will prevent the growth of smaller PBHs. The minimal PBH mass
is then given by the horizon as [13]
Mmin =
3m2p
Heq
, (29)
where Heq is the Hubble parameter when the dark sector becomes equal to the SM ra-
diation. We emphasize that this is a very conservative estimate and most likely under-
estimates the mass of the PBH given that at this time half of the energy density is still
in radiation and the pressure could have a substantial effect. As we will see, establish-
ing the minimal mass is important for avoiding the strongest constraints on PBHs, and
so the more massive the first PBHs, the better for avoiding the stringent bounds near
MPBH ≈ 1015 g. That is, increasing the mass would only lead to weaker constraints.
From the Friedmann equation at this time
3H2eqm
2
p = ρDS + ρSM = 2ρSM =
pi2
15
g∗T 4SM, (30)
using TSM = Teq = ξm we find the Hubble parameter
Heq =
√
pi2
45m2p
g1/2∗ (ξm)
2 . (31)
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Using this result (29) leads to the minimum PBH mass
Mmin =
9
√
5
pig
1/2
∗
(
m3p
m2DMξ
2
)
= 7.36× 10−5M
(
106.75
g∗
)1/2(
100 GeV
mDM
)2(
.1
ξ
)2
, (32)
where M = 2.0× 1033 g is the solar-mass.
B. Maximum PBH Mass
The maximum mass of PBHs formed during a matter-dominated phase is determined
by those perturbations collapsing just before reheating. Since the pressure is negligible in
a matter-dominated phase, we must account for sub-horizon growth – the most massive
PBHs need not correspond to the horizon scale (see [13, 14]). Therefore, the largest PBHs
will form when δM(tr) ∼ O(1) where
δM(tr) = δM(tH)
(
a(tr)
a(tH)
)
= δC
(
Mmax
MC
) 1−n
6
(
a(tr)
a(tH)
)
∼ O(1), (33)
where we normalize the density perturbation and mass to the CMB scale, δC ' 3.8×10−6
and MC = 1057h−1 g, h is the Hubble parameter in units of 100 km/s Mpc−1, n is the
spectral tilt of the primordial power spectrum, and the labels r and H denote reheating
(decay of B particles) and horizon crossing, respectively. Note that we have also used the
fact that if the perturbation magnitudes are seeded by the primordial power spectrum,
we can write δM ∼M (1−n)/6 [13]. Later, this identification will allow us to write the black
hole formation probability as a function of mass. Since we are in an EMDE (a(t) ∝ t2/3),
we can furthermore substitute expressions for the scale factors at the various times. The
Hubble time at the time of decay is H−1 = Γ−1B , and this along with the relation between
the horizon mass and scale factor at the time of horizon crossing of the modes resulting
in the most massive PBH (which in an EMDE does not correspond to the horizon at
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reheating) implies that (33) is given by
Mmax = α
1
n+3
(
MC
mp
)n−1
n+3
(
mp
ΓB
) 4
n+3
mp, (34)
where α ' 6.9× 10−23. Considering different values of the tilt of the power spectrum we
find
Mmax = 5.0× 10−2 M
(
10−22 GeV
ΓB
) 4
n+3
n = 1.4
= 6.3 M
(
10−22 GeV
ΓB
) 4
n+3
n = 1.8
= 52.5 M
(
10−22 GeV
ΓB
) 4
n+3
n = 2.0
(35)
where our choice of the fiducial decay rate corresponds to a reheat temperature of Tr =
12.6 MeV.
At this point, it is important to note that, for certain ranges of ΓB and n (given mA
and ξ), one could find that Mmin > Mmax! Via inspection of (32) and (35), one learns
that this occurs at low values of n and large values of ΓB. Smaller values of n imply that
matter perturbations require more time to become non-linear and collapse to a black hole.
The duration of the matter dominated phase decreases with increasing decay rate (for a
given dark matter mass). Since the perturbations require more time to grow and yet have
less time to do so, there are combinations of the n and ΓB such that, in order to become
non-linear, a perturbation would have to enter the horizon and begin growing before the
onset of the matter dominated phase. This implies that no black holes can form in a
matter dominated phase characterized by these values of n and ΓB. Therefore, we make
sure to exclude these portions of parameter space: for example, the fPBH/fA curves are
cut-off when they encounter these parameters (see Fig. 4).
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C. PBH Abundance
The mass fraction in PBHs during a EMDE phase is given by the probability that a
PBH forms. As discussed in Section III C, this probability for a given PBH mass M is
given by
β(tf ) =
ρPBH(M)
ρtot
' βinhomβcol ' 0.2 δ13/2m . (36)
However, this only tells us the mass fraction at the time of their formation. In order to
compare to ΩDM , we must calculate the present day mass fraction. The decays of the dark
sector particles will induce a dilution of PBHs after they form. Including this dilution
factor, the mass fraction at the time of reheating is given by [14]
β(tr) =
(
5
3
)3/4
(ΓBtf )
1/2β(M), (37)
where tf is the time at which the black hole forms. To further expand this formula, we
use the fact that, during a matter dominated era, we can identify
tH =
M
6pi4m2P
, (38)
where tH is the time at which a given perturbation mode enters the horizon and M is the
mass contained within a sphere of radius H−1. Therefore, we can substitute tf = tHτ ,
where τ = tf/tH > 1. The expression we obtain for β(tr) represents a lower bound on the
mass fraction of dark matter contained within black holes.
To determine the total portion of dark matter residing within black holes, we cannot
simply integrate this mass fraction. To find the total mass fraction, we must account
for the enhancement of the black hole density during the radiation dominated era that
follows reheating. The black hole mass fraction will then remain approximately constant
after matter-radiation equality to the present day. To this end, we calculate the function
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ψ(M):
ψ(M) =
aeq
ar
βr(M)
M
. (39)
Denoting the scale factor today as a0 and using that aeq/a0 = (zeq + 1)−1, ar/a0 ' T0/Tr,
zeq = 3365, and T0 ' 230µeV, we can determine ψ for a few fiducial values of the spectral
tilt:
ψ(M) = 3× 10−21M−1
(
10.75
g∗
)1/4(
ΓB
10−22GeV
)(
M
M
)− 13ns−7
12
n = 1.4
= 7× 10−11M−1
(
10.75
g∗
)1/4(
ΓB
10−22GeV
)(
M
M
)− 13ns−7
12
n = 1.8
= 1× 10−5M−1
(
10.75
g∗
)1/4(
ΓB
10−22GeV
)(
M
M
)− 13ns−7
12
n = 2
(40)
In the past, all PBH constraints were cast in terms of “monochromatic” mass functions
(see, for instance, [71] for a discussion of these constraints). This means that most con-
straints cited in various papers only apply when all black holes are characterized by the
same mass. More general cosmological scenarios can lead to mass distribution functions
that are extended in mass, like ψ above. Therefore, some recent work has been devoted
to adapting the monochromatic constraints to extended mass functions [70, 72]. This
usually means that the constraints become more restrictive. However, a recent work [40]
has shown that a maximum allowed PBH mass fraction can be derived independently of a
given mass distribution shape. When we restrict ψ(M) for various parameters of the Co-
Decay model, we can thus determine the models viability in two ways: (1) find whether
ψ(M) falls into an area excluded by monochromatic constraints, and (2) determining
whether the total mass fraction (see below) is larger than that allowed by analysis similar
to [40]. If either of these scenarios occur, Co-Decay with those parameters is excluded
(see Fig. 3 for comparisons between the constraints and ψ for various parameters).
The quantity ψ(M)dM represents the PBH dark matter fraction in the interval
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FIG. 3. Constraints on the abundance of PBHs in the Co-Decay model. We plot the mass
distribution function, ψ, against the monochromatic black hole constraints. The red solid line
corresponds to ns = 1.8, mA = 104 GeV, and ΓB = 10−16 GeV. The blue solid line corresponds
to ns = 2, mA = 102 GeV, and ΓB = 10−20 GeV. The orange solid line corresponds to ns = 2.2,
mA = 1 GeV, and ΓB = 10−24 GeV. The dashed lines correspond to decay rates 10 times the
value of their solid counterparts. We use the A¯BC data set from [40]. The labeled constraints
are from BH evaporation (evap, [58]), GRB femtolensing observations (FL, [59]), white dwarf
explosions (WD, [60]), Hyper Suprime-Cam (HSC, [61]), Kepler (K, [62]), EROS-II (EROS, [63]),
supernova lensing (SNe, [64]), MACHO (MACHO, [65]), Segue I dynamics (SegI, [66]), Eridanus II
dynamics (EriII, [67]), wide binary dynamics (WB, [68]), and CMB observables (CMB, [69, 70]).
(M,M + dM), which means that [73]
fPBH ≡ ΩPBH
ΩDM
=
∫ Mmax
Mmax
dMψ(M). (41)
Upon integration, we find that we can restrict the total fraction in terms of the χ parameter
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FIG. 4. The ratio of the total abundances of PBHs to A particle dark matter shown for various
spectral tilts, threshold annihilation rates, and a dark matter mass of 100 GeV. The black lines
correspond to maximum allowed mass fractions of primordial black holes. For spectral tilts of
1.4 and 1.8, there is a value of χ for which no black hole formation occurs and fPBH rapidly
approaches zero at this value.
defined above (see Fig. 4). However, in this case, we must still pick a value for mA, which
in turn implies that χ here plays the role of ΓB.
Our constraints on the Co-Decay PBHs appear in Figure 4. We see from Fig. 4 that
as ns increases, so does the portion of dark matter residing in black holes. This makes
sense because the larger the spectral tilt, the larger the density contrast a given mass
scale has upon horizon entry. The difference between the solid (σ = 106 pb) and dashed
lines (σ = 109 pb) resides in the fact that for a given mass and decay rate a higher
annihilation threshold implies a smaller A particle abundance (see also Fig. 2). The
black solid and dashed lines represent the maximum ratio as derived from [40]. We use
the most restrictive value for the maximum allowed total, which is determined from the
constraint set A¯BC from [40].
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There are two interesting features in the ratio dependence of χ. The most obvious
of these is the sharp downturn to zero at certain values of low χ (large ΓB). For each
value of ns, this occurs at the value of the decay rate for which the PBH maximum mass
approaches the minimum mass. As discussed above, this implies that there is no black
hole formation throughout the matter dominated era. The more surprising of the features
is the gradual decrease in mass fraction for increasing χ (decreasing ΓB). Decreasing decay
rate implies both a lengthening of the matter domination and an increase in the maximum
mass for the black holes. This suggests that for smaller decay rates, there would be more
time to form black holes and a larger range of masses that can be collapsed to black holes.
Two factors contribute to the decreasing nature of the total mass fraction. As can be
seen from (5), the A particle abundance is inversely proportional to the decay rate. As
the EMDE lengthens, the amount of relic A particles increase as well, which would cause
a decrease in the ratio of the mass fractions. Secondly, the mass distribution function is
determined by the probability of collapse at the time of reheating. Due to the microphysics
of Co-Decay, the black holes formed early in the matter dominated phase are diluted due
to the entropy transfers between the dark and visible sectors. For this reason, the longer
the matter domination, the more dilution of the relics that occurs.
We would now like to consider whether there are portions of the allowed parameter
space in which PBHs constitute an appreciable fraction of the universe’s DM budget. To
this end, we recall from Fig. 2 that fA = 1 at χ = 1024 GeV for σ = 106 pb, and at
χ = 1027 GeV for σ = 109 pb. For ns < 2, PBHs never make up more than a negligible
portion of DM. We can see this from the fact that for the larger cross-section values, the
maximum fraction of DM in black holes is 104fA, and occurs at χ ∼ 1021. The value of
fA at this point is ∼ 10−8. At a spectral tilt of 1.8, Co-Decay can only account for one
ten-thousandth of all DM.
When we push the spectral tilt up to 2 and have a dark sector annihilation rate of
109 pb, we see that if χ ∈ (1024, 1027) GeV, PBHs can account for all of DM, while still
avoiding the constraints in Fig. 3: fPBH = 104fA = 1 at χ = 1024 GeV. When χ ∼ O(1025)
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GeV, the A particles and PBHs have equal abundances, but their total is only O(.01).
Moving to higher χ (lower ΓB) brings us closer to the point where fA = 1. When that is
the case, Fig. 4 still shows that PBHs can account for ∼ O(.01)−O(.1) of DM.
The above plot and reasoning leads us to suspect that, although it is unlikely that
PBHs are all of DM, early-forming, solar-mass black holes can be non-negligible fractions
of the total DM budget for appreciable ranges of parameter space. Thus, Co-Decay DM
offers an interesting explanation for the presence of an abundance of near solar-mass black
holes.
V. CONCLUSIONS
In this paper, we have considered the production of PBHs in models of Co-Decay. We
found the mass fraction and relic abundance for varying values of the primordial power
spectrum. We have seen that observational constraints place important restrictions on
the parameter space for Co-Decay and the amount of PBHs that can comprise DM. We
find that given the range of masses that are produced that the mass range near or around
a solar-mass is the most promising. Depending on the further evolution of these PBHs,
this could provide a new mechanism for accounting for near solar-mass black holes, like
those detected by LIGO. An important challenge is then to see if these PBHs can evolve
to form binary pairs and determine their merger rate. We leave this to future work.
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